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In the presence of a high-frequency intense uniform electric field, the collisions of electrons with
ions can be made more frequent or less frequent, depending on the polarization of the hf field, the
direction and magnitude of particle velocity, and the ratio of the plasma Debye length to the size of
the electron oscillation in the hf field. The stimulated bremsstrahlung emission is calculated for both
circularly and linearly polarized fields. ©1997 American Institute of Physics.
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I. INTRODUCTION

The presence of an electromagnetic wave alters elect
ion collisions, thereby also altering the rate of inver
bremsstrahlung.1–6 The pioneering papers of Dawson an
Oberman1 and Silin2 analyzed the linear1 and nonlinear2

high-frequency collisional resistivity of the plasma. Bo
models subscribed to the same physical picture—the w
dissipation arises from a Maxwellian distribution of ele
trons, oscillating in a spatially uniform electric field, an
colliding with a random field of stationary ions. These tw
calculations were carried out using slightly different tec
niques for describing electron-ion collisions~Landau colli-
sional integral in Ref. 2 versus explicit random-phase av
aging over ion positions in Ref. 1!. Deckeret al.3 recently
extended Dawson’s technique to large hf fields and c
firmed the nonlinear results of Silin.

These calculations1–3 all begin by assuming a Maxwell
ian distribution of the electrons, so that the average effec
the full distribution of electrons is calculated. This obscu
possibly interesting effects that may arise in the collisions
individual electrons with ions in the presence of hf field. A
attempt was made to describe a so-called ‘‘correlated c
sion’’ of an oscillating electron,3 but a formal treatment of a
collision of a test electron with an ion was not carried o
The more formal treatment here shows that these correl
collisions are, in fact, already treated in the calculation
Dawson and Oberman, modified to include finite hf field
Some other effect would be required to explain the app
ently enhanced energy exchange with the wave found in
merical simulations.3

We find at high laser intensities the appearance o
number of new effects, in addition to inverse bremsstr
lung, all due to the discrete nature of the plasma, and a
which require a much more detailed understanding
electron-ion binary collisions. The purpose of this paper is
analyze scattering, on an ensemble of Debye-shielded i
of a single oscillating electron, drifting with arbitrary veloc
ity. This enables us not only to calculate the rate of inve
bremsstrahlung for a Maxwellian plasma, but also the rate
inverse bremsstrahlung for an arbitrary distribution of el
trons. This generality is important, because different popu

a!Electronic mail: gena@pppl.gov
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tions of electrons, in fact, make contributions of differe
sign to the overall energy exchange with a wave.

The paper is organized as follows: In Sec. II we consid
two simple examples of scattering of an oscillating electr
on a single ion—when the hf field is linearly polarized in th
direction of the slow drift of the oscillation center of th
particle and when hf field is circularly polarized in the pla
normal to the direction of the oscillation center drift. Corr
lated collisions, which arise because of the repeated inte
tions of an oscillating electron with the same ion, are qu
tified for these two exactly tractable cases. Qualitat
insights obtained from these examples will be utilized in S
III, where we derive an averaged energy, exchanged betw
an oscillating electron and hf field, in the presence of a r
dom ensemble of immobile ions. We find that the effect
correlated collisions is naturally included in the nonline
Dawson-Oberman model, thus making an introduction of
ad hoccorrelation coefficient~as suggested in Ref. 3! unnec-
essary. Section IV concludes and outlines the directions
future work.

II. COLLISIONS WITH A SINGLE ION

Consider the scattering on an infinitely heavy ion, in
charge stateZ, of a single electron, oscillating in a dipol
electric field

EW ~rW,t !5EW sin vt ~1!

and drifting freely alongẑ axis with velocityvW 5veW z . The
Coulomb field of the ion is considered a first-order perturb
tion to the zeroth-order motion of the electron, which co
sists of drift and quiver. This implies that the frequency
electron-ion collisions is much smaller than the frequency
hf field. This assumption is violated for slow electron
which are subject to a reduced rate of inverse bremsst
lung, as shown by Langdon.4 However, here we are con
cerned mainly with the fast electrons at the tails of the d
tribution function, where the main deviations from
Maxwellian occur. By considering a dipole electric field, th
calculation simplifies considerably. In a uniform electr
field, a canonical transformation to the oscillating frame e
ists, which makes the drift momentum of the electron and
position of its oscillating center canonical variables. In no
relativistic dynamics, used throughout this paper, the infin
7/4(2)/428/9/$10.00 © 1997 American Institute of Physics
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phase velocity of the wave~corresponding to uniform field!
is invariant under Galilean transformations. Parenthetica
in relativistic dynamics, the calculations simplify by assu
ing that the phase velocity of the wave is precisely equa
the speed of light in a vacuum,7 which similarly remains
invariant under Lorentz transformations.

For an electromagnetic wave, propagating with ph
velocity vph, close to the speed of light in vacuum, the wa
frequency is in the regime v@vp , where
vp5(4pnee

2/m)1/2 is the plasma frequency, andne , 2e,
andm are electron density, charge, and mass. The dip
field, Eq.~1!, approximates an electromagnetic wave of fin
wavelength,l052pc/v, when~i! vosc!c, so that the high-
frequency electron motion is unaffected by the field inhom
geneity; and~ii ! v!c, so that the Doppler shift of the fre
quency of the electromagnetic wave, caused by the d
motion of the electron, is negligible, thus avoiding wav
particle resonances.

In addition, much of our attention will be devoted to th
regime where the wavelength of the hf wavel0 is much
larger than the Debye lengthlD5v th /vp . In this regime,
electron-ion collisions dominate over electron-electron co
sions in dissipating the energy of an electromagnetic wa
This dominance arises because, to exchange energy, th
product qvWEW , summed over the colliding particles, mu
change in a collision. BecauselD5v th /vp , the electric field
is constant over a Debye length, i.e., for all collisions. Th
there is no energy dissipated in electron-electron collisio
since these collisions conserve current.

We consider small-angle collisions, introducing an a
ficial cutoff at impact parameterr5b, whereb is the dis-
tance of closest approach, given by

b5
2Ze2

mv2
. ~2!

The validity of assuming that the collisions are small-an
for r.b is discussed later in this section. The zeroth or
electron trajectory is given by

rW0~ t !5rW 1vW •~ t2t j !2eW0 sin vt, ~3!

where

eW052
eEW

mv2 , ~4!

and wheret j characterizes the electron phase with respec
hf field, and can be chosen such that 0,vt j,2p.

Consider now a small-angle scattering of an elect
moving along its zeroth-order trajectory, given by Eq.~3!, by
a stationary Debye-shielded ion at the origin. The force a
ing on the electron, moving along its trajectoryrWe(t), is
given by

FW ion~ t !5 i4pZe2E
2`

t

dt8E d3k

~2p!3
U~k!

3e~k,t2t8!kWeik
W
•rWe~ t8!, ~5!

whereU(k) is a three-dimensional Fourier transform of t
unshielded ion potential, ande(k,t2t8) is a time-dependen
Phys. Plasmas, Vol. 4, No. 2, February 1997
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dielectric function of the plasma. In a reference frame of
oscillating electron, ions are oscillating with frequencyv.
Hence, the ion field that the electron experiences, consis
both a dc component~Debye-shielded by other electrons!,
and ac components at harmonics ofv@vp ~unshielded!.
Hence, we choosee(k,t2t8) to be such that

ẽ~k,V50!5
k2

k21kD
2 ,

~6!

ẽ~k,V5nv!51,

where

ẽ~k,V!5E dt eiVte~k,t!,

and kD
2 54pe2ne /mv th

2 . To remove large-angle collisions
we soften the Coulomb potential at distances smaller than
distance of closest approach by choosingU(k) as

U~k!5S 1k2 2
1

k21kmax
2 D , ~7!

wherekmax51/b. This procedure for ‘‘softening’’ the diverg-
ing Coulomb potential for small distances was origina
suggested, in the context of electron-ion collisions in a m
netized plasma, by Montgomeryet al.8 For the ideal plasma
considered here,lD@b, so, effectively, for small-impact col-
lisions ẽ'1.

Note that the precise procedures for ‘‘softening’’ th
Coulomb potential at small distances and Debye shieldin
large distances do not affect the final result. An equally
curate description of these effects can be achieved by,
example, limiting the integration domain ink-space to
uku,kmax, using

U~k!5
1

k2
H~kmax2k!, ~8!

whereH(x) is a Heaviside step function. The choice of th
ion potentials in the forms~7!, ~8! in this section enables u
to obtain the closed form solutions for two illustrative e
amples, analyzed below. In Sec. III a slightly different for
of the ion potential will be used,

U~k!5
1

k
AS 1k2 2

1

k21kmax
2 D , ~9!

which, like Eqs.~7!, ~8!, removes the large angle collision
To calculate the rate of electron-ion collisions, assum

without loss of generality, thatrW 5eW xr, thus fixingx-z to be
the collision plane, with directionz chosen to be along the
instantaneous electron velocity. In the absence of the la
field, thex-component of the ion force could be integrat
betweent52` and t51`, obtaining the deflection angle
du5dvx /v as a function of impact parameter. The rate
which the colliding electron gains transverse moment
leads, for elastic scattering, to a decrease ofvz by amount
dvz5v•(du)2/2 to conserve energy. In the presence of
field, however, electron-ion collisions are not necessa
elastic, so that calculating the deflection angle gives onl
429G. Shvets and N. J. Fisch
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pitch-angle contribution to the scattering rate. Calculat
du in this manner, however, allows us, among other thin
to discuss the possibility of correlated collisions, introduc
in Ref. 3.

Integrating Eq.~5! over time, and using Eqs.~3! and~7!,
then gives the deflection angle

du5 i
4pZe2

mv (
n52`

n51` E d3k

~2p!3
Un~k!kxJn~kW•eW0!

3eik
W
•rWE

2`

1`

dt ei ~k
W
•vW 2nv!te2 ikW•vW t j , ~10!

where

Un~k!5U~k!ẽ~k,nv!. ~11!

Performing first the time integration and introducing
spherical coordinate system, with

kz5k cosu,

kx5k sin u cosf, ~12!

ky5k sin u sin f,

simplifies Eq.~10! to

du5 i
4pZe2

mv2 (
n52`

n51`

e2 invt jE
0

` k2dk

~2p!3
Un~k!E

0

2p

df

3E
21

1

d~cosu!sin u cosfeikr sin u cosf

3Jn~kW•eW0!2pd~cosu2nv/kv !. ~13!

Note that only those Fourier components of the spatially
homogeneous stationary field of the ion, which resonate w
some harmonic of the electron quiver, contribute to parti
deflection.

A. Oscillations along velocity

For a hf field polarized in the direction of particle mo
tion, Eq. ~13! reduces to

du52
2Ze2

mv2 (
n52`

n51`

e2 invt jJn~nve0 /v !E
k0n

`

dk kUn~k!

3xnJ1~xnr!, ~14!

where k0n5nv/v and xn5Ak22k0n
2 . Using the integral

identity

E
0

`

dx
x2

x21k2
J1~ax!5kK1~ak!, ~15!

we obtain

du52
b

r
@kDrK1~kDr!2AkD2 1kmax

2 bK1~AkD2 1kmax
2 r!#

2
b

r (
n51

n51`

2cos~nvt j !@k0nrK1~k0nr!

2qnrK1~qnr!#JnS nve0
v D , ~16!
430 Phys. Plasmas, Vol. 4, No. 2, February 1997
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where

qn5Ak0n2 1kmax
2 ,

and we made use of Eq.~11! in calculating theUn(k), re-
sulting in the analytical expression~16!.

In Eq. ~16!, the n50 term is separated from the othe
terms to make obvious that only then50 term in the series
is independent oft j . In Sec. III we show that onlyn Þ 0
terms contribute to the energy exchange between the w
and the electron. Hence, we call then50 contribution to the
scattering ‘‘elastic.’’ In the absence of the hf field, th
n50 term is the only term contributing to the scatterin
which is only in pitch-angle. Forb!r!lD , the elastic term
is approximately equal tob/r, which reduces to the Ruther
ford formula. Note that then>1 terms are exponentially
small in nvr/v. Thus for r@v/nv, there is little interac-
tion, since the collision time is much longer than the wa
period. For both elastic and inelastic contributions, the s
ond term in square brackets in Eq.~16! is a consequence o
the softening of the ion potential forr<b; it makes the
infinite series of Eq.~16! converge.

The rate of pitch-angle scattering,nei , is defined by

v
nei

niE 2pr dr K ~du!2~r!

2 L 51, ~17!

whereni is the ion density, and where we have used the f
that the deflection angledu only depends on the magnitud
of the impact parameter~something that is not true when th
electric field is polarized at an angle to the particle velocit!.
Angular brackets in Eq.~17! denote averaging over the ran
dom particle phasevt j . Substituting Eq.~16! into Eq. ~17!,
obtain

nei5pvb2ni H ln L01 (
n51

n51`

2Jn
2~nve0 /v !

3F S 121
n2v2

kmax
2 v2D lnS 11

kmax
2 v2

n2v2 D 21G J , ~18!

whereL05 ln(kmax/kD) is the Coulomb logarithm.9

In practice, the number of terms necessary to keep in
series~18! is finite, since the expression in square brackets
Eq. ~18! becomes small fornvb/v@1. Keeping only
nmax5v/vb and assuming thatnvb/v,1, one obtains

nei'
A

v3 F ln~kmaxld!1 (
n51

n5nmax

2Jn
2~nve0 /v !ln~kmaxv/nv!G ,

~19!

where

A5
4pZ2e4ni

m2 . ~20!

For comparison, note that the classical expression for the
of electron-ion collisions in the absence of an external
electric field is

n0~v !5
A

v3
ln L0 . ~21!
G. Shvets and N. J. Fisch
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Comparing Eq.~19! to Eq.~21! shows that then50 ~elastic!
term is identical to scattering rate in the zero-field case.

The analytic solution presented here facilitates a con
eration of the recent conjecture of correlated collision3

Deckeret al. conjecture that the nonlinear extension of t
Dawson-Oberman model tovosc.v, developed in Ref. 3,
may not adequately describe the subtle effect of an elec
repeatedly returning back to the same ion in the course o
oscillation. They argue that the collision frequency, analy
cally obtained from the nonlinear Dawson-Oberman mod
has to be multiplied by a numerical factor, roughly equal
the number of oscillations an electron makes as it crosses
Debye sphere of an ion. This numerical factor is found to
C'v/vp .

3

In comparison, Eq.~18! does not exhibit this large in
crease in collisional frequency by the factorC for the regime
vosc@v. To see this immediately, take Eq.~18! in the limit
v→`, keeping the oscillation velocitye0v fixed, and find
the zero field collision frequency, given by Eq.~21!. Now
this result is clearly expected; as the oscillation amplitu
decreases, the particle spends exactly the same amou
time in the vicinity of any point along its trajectory as
would in the absence of the hf field. The qualitative exp
nation of Ref. 3 must fail here. While an oscillating electr
may repeatedly pass by the same ion~as noted in Ref. 3!, the
amount of time it spends in the vicinity of this ion is sim
larly reduced. Clearly, there is no need to introduce ad
tional numerical factors to understand the role of correla
collisions in the case presented here. Note that, in the cas
very high oscillation velocityvosc@v, simply replacing the
particle velocityv by vosc in Eq. ~21! leads to a much smalle
collision frequency than predicted by Eq.~19!. Here, in com-
parison to this replacement, the collision frequency does
pear to be enhanced because collisions are correlated
deed, while the electron speed is equal tovosc, it does return
back to the same ion during the next cycle of oscillation.

For an electron drifting in the direction of the electr
field with velocity approximately equal to the velocity of i
oscillation, the largest increase in the collisional frequenc

nei.n0~v ! ~22!

is expected, because of the stagnation points along the
tron trajectory, where its total speed is close to zero. N
those points an electron spends more time near the
thereby increasing the mean squared scattering angledu.
This effect is accounted for in the present formalism. T
effect of the stagnation points along the electron traject
becomes most pronounced whenvosc'v. Consequently, Eq
~19! indicates that the net increase in the collision freque
is maximized for vosc'v @since Bessel functions
Jn
2(nvosc/v) achieve their maxima atvosc/v'1#.

Note that the conclusion that the collision frequency
creases in the presence of external field~22! is valid only
when an electron travels in the direction of the hf field.
fact, as we show in the next example, a significant reduc
in the collision frequency can be expected for an elect
traveling perpendicularly to the hf field

The validity of the assumption of small-angle scatteri
for electron-ion distances larger thanb can be checked. In
Phys. Plasmas, Vol. 4, No. 2, February 1997
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the absence of external field, the deflection angledu5b/r.
Requiringdu,1 impliesr.b, justifying the smoothing of
the Coulomb potential for distances smaller thanb. In the
presence of external field, an estimate of thedu is obtained
by using Eq.~16!. The contribution of the inelastic terms t
angular deflection depends on the relative phase betwee
electron and the hf field. The largest angular deflection,
fixed impact parameterr, is experienced by electrons wit
t j50 andvosc/v'1. The latter condition is derived from th
fact the first zero of the Bessel function of ordern is always
larger thann, so all the terms in the series add up wi
positive signs. The contribution of the inelastic terms th
dominates over the elastic term for small distances, resul
in

du}2
b

k0r
2 . ~23!

Hence, the cutoff for small-angle scattering is actually at
larger distancercut'Ab/k0.

This increase in scattering can be traced to correla
collisions, since the electron stays longer in the vicinity of
ion. In this paper, for simplicity, this refinement of the cuto
is neglected, because:~i! for most electronst jÞ0, hence dif-
ferent orders of inelastic contribution may interfere destr
tively; ~ii ! we are mainly concerned here with strongly illu
minated plasmas, withvosc@v, where the contribution of the
inelastic terms is smaller than that of the elastic term.

Note that here only the rates of pitch-angle scatterin
are calculated, which are sufficient here for describing m
mentum transfer. In Sec. III the rates of energy-exchang
collisions are studied. These collisions, which produ
bremsstrahlung or inverse bremsstrahlung, are described
tirely by inelastic terms.

B. Circularly polarized wave

Consider now the scattering on a single ion of an el
tron, which oscillates in the field of a circularly polarize
~CP! EM wave. For simplicity, the plane of polarization
chosen perpendicular to the direction of the electron moti
The zeroth order electron trajectory is then given by

rW0~ t !5rW 1vW •~ t2t j !2e0~eW x sin vt1eW y cosvt !. ~24!

A calculation similar to that leading to Eq.~14! yields

du5
2Ze2

mv2 (
n52`

n51`

e2 in~vt j2p/2!
]

]rEk0n
`

dk kUn~k!

3Jn~xne0!Jn~xnr!, ~25!

which can be simplified to give

du52bG0~r,e0!1b (
n51

n51`

2 cos~nvt j2np/2!Gn~r,e0!,

~26!

where

G05kDI 0~kDe0!K1~kDr! if r.e0

5kDK0~kDe0!I 1~kDr! if r,e0 , ~27!

and
431G. Shvets and N. J. Fisch
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Gn5k0nI n~k0ne0!Kn8~k0nr!

2qnI n~qne0!Kn8~qnr! if r.e0

5k0nKn~k0ne0!I n8~k0nr!

2qnKn~qne0!I n8~qnr! if r,e0 . ~28!

In deriving Eq.~27!, for e0@b, it was not necessary to softe
the Debye-shielded Coulomb potential at small distanc
Note that for the amplitude of the electron oscillation mu
smaller than the Debye length, Eq.~27! simplifies to

G05kDK1~kDr! if r.e0

5kD
2 r ln~kDe0! if r,e0 . ~29!

As Eq. ~29! indicates, for small oscillation amplitude
e0,r, the elastic contribution to the electron deflection f
the CP field is the same as in the previous example of
linearly polarized~LP! field. However, when the impact pa
rameter is smaller than the orbit size, Eq.~29! indicates that
the electron deflection may drop significantly ife0!lD .
Physically, this is because, as soon as the electron’s orb
large enough to cross they2z plane, ion kicks in positive
and negativex-directions destructively interfere with eac
other. In fact, for theunshieldedCoulomb potential, the can
cellation is exact. The amount of uncanceled scattering
proportional to the degree of Debye shielding, characteri
by kD . Hence, if the orbit size is much smaller than t
Debye length, the electron-ion interaction can be neglec
for impact parameters smaller than the orbit size. For
electron drifting perpendicularly to the polarization plane
a circularly polarized field, the dc component of an ion fie
~as experienced by an electron! would not lead to large-angle
scattering for any impact parameter. There is then no nee
smooth the Coulomb potential at small distances; a nat
cutoff, arising atr5e0, replaces the usual small-angle sc
tering cutoff atr5b. As a result, ln(lD /e0) replaces the Cou
lomb logarithm.

However, the ac component of an ion field~as experi-
enced by an electron! can lead to large-angle scattering,
the validity of the small-angle approximation for distanc
larger thanb has to be examined. Using Eqs.~27! and ~28!
and assumingt j5p/2, andvosc!v, yields

du'2b/~r2e0!,

for r'e0. Physically, this clearly means that the deflection
largest when an electron orbit almost touches the ion, s
(r2e0) is the distance of an electron orbit from the io
Hence, smoothing the ion potential at distances smaller t
b indeed removes large-angle collisions, as could be
pected at weak illuminations. Using Eqs.~27! and ~28!, one
can similarly show that at intense illuminationsvosc@v
small-angle scattering is also ensured, since

du'2
v
vosc

b

r2e0
.

The electron-ion collision frequency can then be writt
as
432 Phys. Plasmas, Vol. 4, No. 2, February 1997
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nei5
A

v3 FLel1 (
n51

n5`

L inel
~n! G , ~30!

where

Lel5
~kDe0!

2

2
I 0
2~kDe0!@2K1

2~kDe0!

1K0~kDe0!K2~kDe0!#

2
~kDe0!

2

2
K0
2~kDe0!@2I 1

2~kDe0!

1I 0~kDe0!I 2~kDe0!#, ~31!

and

L inel
~n!5

v
ve0

S 1n2
1

An21kmax
2 v2/v2D . ~32!

In evaluatingL inel
(n) , we assumed thatvosc@v. For e0!lD ,

Lel' ln(lD /e0); in the opposite limit,e0@lD , Lel can be
shown to scale asLel'(2kDe0)

21. This indicates that the
collision frequency drops by a significant factor askDe0 ap-
proaches unity. Apparently, as the size of the orbit exce
the Debye distance, the individual electron-ion collisions b
come less efficient, because electrons spend most of
time away from the ion, where the ion field is Deby
shielded by other electrons.

Assumingk0e0.kDe0@1 and using the large-argumen
expansion for the Bessel functions, one finds

npitch~e0!5
A

v3 S 1

kDe0
1

1

k0e0
(
n51

`
1

n
2

1

Akmax2 /k0
21n2

D .
~33!

This series is clearly convergent, since, forn@nmax, each
term of the series scales as 1/n3. In practice, the infinite
series~33! can be terminated atn5nmax. Using

(
n51

nmax 1

n
' ln nmax

for nmax@1, we obtain

npitch~e0!'
A

v3 F 1

kDe0
1

1

k0e0
ln L1G , ~34!

where L15kmaxv/v. For k0 /kD of order a few, and
ln(kmaxv/v)@1, the last term will dominate.

The nonlinear reduction in the collision rate is rough
given by

Q5
npitch~e050!

npitch~e0!
'k0e0

ln~kmax/kD!

ln~kmax/k0!
. ~35!

Note that the reduction in the collision frequency is not d
simply to an increase in the velocityv to the oscillation
velocity vosc.

III. NONLINEAR INVERSE BREMSSTRAHLUNG

This section presents a calculation of the average ene
exchanged between an oscillating electron and the hf field
the presence of a random ensemble of immobile ions.
collisional damping of a hf wave, also known as inver
bremsstrahlung, originally studied in Ref. 1 for weak field
was later revisited by a number of authors who have
G. Shvets and N. J. Fisch
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cluded nonlinear2,3,10and quantum-mechanical11 effects. Us-
ing a different approach, the nonlinear results of Ref. 3 fo
linearly polarized hf field, are confirmed. In addition, th
nonlinear inverse bremsstrahlung of a circularly polariz
wave is obtained.

The energy exchange between the electron and the
wave is estimated to second order in (Ze2) by integrating the
rate of energy exchange2eEW •vW along the perturbed electro
trajectory. The energy exchange obtained is then avera
over a random distribution of ions. Since the presented
culation considers the interaction of an electron with a sin
ion exactly, the effects of the correlated collisions are na
rally included. Having obtained the rate of energy exchan
for a particle with a given momentum, the overall rate
inverse bremsstrahlung can then be obtained by integra
over the electron momentum distribution, the rate of ene
exchange for particles with a given momentum. For a M
wellian distribution, the results of Ref. 3 are recovered.
the other hand, for an anisotropic distribution, the inve
bremsstrahlung is quite different: A hf wave can be amplifi
by the particles which primarily move parallel to the wa
polarization.

Defining a vector-potential of the hf wave as

EW ~ t !5
dAW 0

dt
, ~36!

the total energy exchange between the wave and the ele
can be calculated as

dE52eE
2`

1`

dt vW •EW

5
e

mE2`

1`

dt FW ion~rWe!•AW 0 , ~37!

where the last step involved integration by parts. Assum
that the EM field is linearly polarized, as given by Eq.~1!,
the vector potentialAW 0 can be expressed as

AW 05
mv

e
eW0 cosvt. ~38!

In Eq. ~37!, rWe(t) is the location of the electron at timet. The
lowest order nonvanishing contribution to inverse brem
strahlung can be obtained by evaluating the integral in
~37! along the perturbed electron trajector
rWe(t)5rW0(t)1rW1(t). Hence, Eq.~37! can be recast in the
form

dE5
e

mE2`

1`

dt~rW1•¹!FW ion•AW 0 , ~39!

where the first-order perturbation to the electron trajector
obtained by integrating

rẄ15
i4pZe2

m (
n52`

n51` E d3k

~2p!3
U~k!kWJn~kW•eW0!

3eik
W
•rWe2 ikW•vW t jei ~k

W
•vW 2nv!t. ~40!
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Note that, to obtain Eqs.~38! and ~39!, we used the spatia
homogeneity of the hf wave, thereby neglecting any poss
wave-particle resonances. Hence, Eq.~39! contains no direct
wave-particle energy exchange, apart from the collisional
change.

Integrating Eq.~40! over time, yields

rW15R
24p iZe2

m (
n52`

n51` E d3k

~2p!3
Un~k!kWJn~kW•eW0!

3eik
W
•rWe2 ikW•vW t j

ei ~k
W
•vW 2nv!t

~kW•vW 2nv2 i«!2
, ~41!

where « is an infinitesimal positive number introduced
ensure causality. Rewriting the ion force as

FW ion~ t !52 i4pZe2E
2`

t

dt8E
2`

1` d3k

~2p!3
U~k!e~k,t2t8!

3kWe2 ikW•rW0~ t8!, ~42!

and substituting Eq.~42! into Eq. ~39!, results in

dE52I
~4pZe2!2v

m (
n52`

n51`

(
m52`

m51` E d3k

~2p!3

3Un~k!E d3k1
~2p!3

Un~k1!
Jn~kW•eW0!Jm~kW1•eW0!

~kW•vW 2nv2 i«!2
kW1

•eW0e
i ~kW12kW !•vW t je2 i ~kW12kW !•rWE

2`

1`

dt e2 i ~kW12kW !•vW t

3e2 i ~n2m!vtcosvt. ~43!

Only the terms withm5n61 survive the averaging ove
randomt j , which reduces Eq.~43! to

dE52I
~4pZe2!2v

mv (
n52`

n51` E d3k

~2p!3

3Un~k!E d3k1
~2p!3

Un~k1!
nJn~kW•eW0!Jn~kW1•eW0!

~kW•vW 2nv2 i«!2

3e2 i ~kW12kW !•rW2pd~k1z2kz!. ~44!

The rate of energy exchange, averaged over collisi
with many ions, is given by

dE

dt
5vniE d2rdE~rW !. ~45!

SubstitutingdE from Eq. ~44! into Eq. ~45! yields

dE

dt
52I

~4pZe2!2niv

m (
n52`

n51` E d3k

~2p!3

3Un
2~k!k2

nJn
2~kW•eW0!

~kW•vW 2nv2 i«!2
. ~46!

As Eq. ~46! indicates, then50 term vanishes since in th
absence of external field a collision of an electron with
immobile ion is elastic. Following a very similar procedur
the rate of collisional energy exchange between an elec
433G. Shvets and N. J. Fisch
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and a circularly polarized wave can be derived. IfeW' is the
normal to the plane of polarization, the rate of bremsstr
lung is given by

dEcirc

dt
52I

~4pZe2!2niv

m (
n52`

n51` E d3k

~2p!3

3Un
2~k!k2

nJn
2~ ukW3eW'ue0!

~kW•vW 2nv2 i«!2
. ~47!

To compare the rate of bremsstrahlung obtained h
with the findings of Refs. 1 and 3, the expression~46! is
integrated over a Maxwellian distribution invW , giving

d^E&
dt

52I
~4pZe2!2niv

2m (
n52`

n51` E d3v f 0~vW !E d3k

~2p!3

3Un
2~k!k2

nJn
2~kW•eW0!

~kW•vW 2nv2 i«!2
, ~48!

where

f 0~vW !5
1

~2pv th
2 !3/2

exp~2v2/2v th
2 !. ~49!

Using

1

~kW•vW 2nv2 i«!2
52

kW

k2
•

]

]vW
1

kW•vW 2nv2 i«

52
vW

v2
•

]

]kW

1

kW•vW 2nv2 i«
~50!

and integrating Eq.~48! by parts, yields

d^E&
dt

52I
~4pZe2!2niv

m (
n52`

n51` E d3k

~2p!3
Un
2~k!

3nJn
2~kW•eW0!E d3v

kW•]/]vW f 0~v !

kW•vW 2nv2 i«
. ~51!

Sincev@vp , we usedẽ(k,nv)51. Recognizing that the
imaginary part of the integral overd3v is proportional to the
imaginary part of the plasma dielectric function,

D~kW ,v!512
vp
2

k2 E d3v
kW•]/]vW f 0~v !

kW•vW 2nv2 i«
,

and noting that in the high-frequency limituDu'1, so that
I(1/D)'2ID, we find that Eq.~51! is identical to Eq.~20!
of Ref. 3. To complete the comparison with Ref. 3, we n
that the rate of inverse bremsstrahlung, given by Eq.~51!, is
derived as a sum of individual energy exchanges with d
tinct ions. This shows that the assertion~cf. Ref. 3! that the
effect of correlated collisions is not contained in Eq.~20! of
Ref. 3 is not correct.

Equations~46! and ~47! are simplified by noting that

I
1

z2 i«
5pd~z!,

yielding
434 Phys. Plasmas, Vol. 4, No. 2, February 1997
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dE

dt
5
Amv

v2 (
n52`

n51` E d3k

2p
nJn

2~kW•eW0!k
2Un

2~k!vW

•

]

]kW
d~kW•vW 2nv! ~52!

for a linearly polarized field, and

dE

dt
5
Amv

v2 (
n52`

n51` E d3k

2p
nJn

2~ ukW3eW'ue0!k2Un
2~k!vW

•

]

]kW
d~kW•vW 2nv! ~53!

for a circularly polarized field.
The significance of Eqs.~52! and~53! is that they predict

the rate of inverse bremsstrahlung for anindividual electron,
not the averaged quantity for the entire Maxwellian distrib
tion. The rate of energy exchange, given by Eqs.~52! and
~53!, can be averaged over any distribution function of int
est, isotropic or anisotropic . In addition, wave-particle res
nance can be used to target electron sub-population
choice.

To illustrate the usage of Eq.~52!, consider the linear
(n51) inverse bremsstrahlung. For the purpose of this c
culation, chooseU(k) in the form given by Eq.~8!. Expand-
ing J1(kW•eW0)'(kW•eW0)/2 and using Gauss’ theorem, Eq.~52!
can be integrated by parts. The boundaries of integration
chosen to be surfacesukW u50 and ukW u5kmax. In order for a
particle to exchange energy with the wave, its veloc
should satisfy

v.
v

kmax
. ~54!

Without loss of generality, assume that hf wave is pol
ized in x2z plane, making an angleu1 with the particle
velocity. The angleu1 satisfies

cos2 u15
~eW0•vW !2

e0
2v2

. ~55!

Thus separating the total energy exchange, given by
~52!, into the boundary contributiondEb/dt at the surface
ukW u5kmax and the volume contributiondEv/dt, yields

dEv

dt
5

A

v3
mv2F e0

22
3~eW0•vW !2

v2 G E
v/v

kmaxdk

k
S 12

v2

k2v2D ,
~56!

and

dEb

dt
5

A

v3
mv2F ~eW0•vW !2

v2
1
1

2 S e0
22

3~eW0•vW !2

v2 D
3S 12

v2

kmax
2 v2D G . ~57!

Note that the combination

S e0
22

3~eW0•vW !2

v2 D
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averages out to zero for any isotropic velocity distributio
Hence, because of what remains of the sum of the boun
and volume contributions, the wave is damped for any i
tropic distribution function. On the other hand, an anis
tropic electron momentum distribution can lead to wa
growth. For instance, it follows from Eq.~56! that a stream
of particles, moving with constant velocityv along the di-
rection of an EM wave, gives up energy to the wave,

dE

dt
'2

Aln L1

4v3
mvosc

2

2
, ~58!

while a stream of particles moving perpendicularly to t
wave absorbs the energy of the wave

dE

dt
'
Aln L1

2v3
mvosc

2

2
. ~59!

In the absence of electron-ion collisions, the hf elect
field is p/2 out of phase with the electron velocity, so n
energy is exchanged between the electrons and the w
When electron-ion collisions are included, the average ph
lag can be larger or smaller thanp/2, depending on the ori
entation of the instantaneous direction of the electron d
with respect to the direction of the wave polarization. No
that many electron-ion collisions are assumed to take p
before the direction of the electron drift changes due to pit
angle scattering.

To calculate the bremsstrahlung friction coefficient f
an electron drifting perpendicularly to the plane of a circ
larly polarized hf wave, assume a large-amplitude hf fi
such thatvosc@v, and useU(k) in the form given by Eq.~9!.
Then Eq.~53! simplifies to

dE

dt
'

A

vvosc
2

mvosc
2

2

v
vosc

(
n51

n5` S 1n2
1

n~11kmax
2 v2/n2v2!3/2D .

~60!

Again, the convergent series~60! can be estimated by trun
cating it atnmax. Introducing the rate of nonlinear brem
strahlungnbrem(e0) through the identity

dE

dt
52nbremvosc

2 /4, ~61!

obtain

nbrem~e0!'2
2A

vosc
3 ln L1 . ~62!

Note that, for this particular example of an electron drifti
normally to the polarization plane of a CP wave, the rate
nonlinear bremsstrahlung isnegative ~inverse bremsstrah
lung!. It would be positive, for example, for an electron drif
ing along the polarization direction of a LP wave.

We now compare the two collision rates for strong
illuminated plasmas. In Sec. II B we derived Eq.~34! for the
rate of nonlinear pitch-angle scattering of an electron, dr
ing perpendicularly to the polarization plane of a CP fie
Comparing Eq.~62! to Eq. ~34!, we find that in a strongly
illuminated plasmas, wherevosc@v, the rate of pitch-angle
scattering may exceed that of the bremsstrahlung, name
Phys. Plasmas, Vol. 4, No. 2, February 1997
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npitch~e0!

nbrem~e0!
'
vosc
2

2v2
. ~63!

This means that electron-ion collisions may have a sm
effect on the high-frequency motion of electrons in a hig
intensity wave, but may significantly affect the slow electr
drifts.

IV. CONCLUSIONS

In summary, damping of a high-frequency, spatially h
mogeneous electric field by electron-ion collisions in
plasma has been calculated. First, the energy exchange
individual electron with the wave is computed in the pre
ence of a single ion. Second, the energy exchange is a
aged over random ion positions. Third, the energy excha
averaged over an electron distribution is calculated. This p
cedure unambiguously accounts for correlated collisions,
the effect of an oscillating electron repeatedly returning
the same ion during a binary collision. The correlated co
sions are naturally included in the nonlinear extension
Dawson-Oberman model.3

The average force, exerted on an oscillating electron
a single ion, has also been calculated. The nonlinear rat
electron-ion pitch-angle scattering has been evaluated
two simple cases~i! an electron in a linearly polarized h
wave drifting parallel to the polarization direction and~ii ! an
electron in a circularly polarized hf wave drifting perpe
dicularly to the polarization plane. In the first case electro
becomenonlinearly opaque, i.e., they slow down faster. This
effect become large when the oscillation velocity becom
comparable with the thermal velocity. In contrast, in the s
ond case, electrons becomenonlinearly transparent.

It is conjectured that if only selected groups of particl
are strongly perturbed by an EM wave, the nonlinear
induced transparency~or opacity! effect might be used to
modify the electron distribution function. Selecting, for e
ample, electrons traveling in a particular direction might
achieved through Landau resonance, or through a cyclo
resonance in magnetized plasmas. To calculate accura
this effect requires extending our analysis to EM waves w
nonvanishing wave number. To estimate the magnitude
the effect, assume a circularly polarized EM wave, propag
ing in the positive z-direction, with phase velocity
vph'c@v th . In a plasma of densityne51019 cm23 and
temperatureTe5100 eV, an electromagnetic wave wit
wavelengthl51m and intensityI.5•1014 W/cm2 might
then drive current densities of orderJ'40 MA/cm2.

Finally, note that, while electron-electron collisions d
not contribute to the dissipation of long-wavelength elect
magnetic waves, they do contribute to pitch-angle scatte
of the electrons. The inclusion of electron-electron collisio
however, appears to be relatively straightforward using
methods presented here, since they are not affected by
presence of a uniform hf field.
435G. Shvets and N. J. Fisch
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